We study the cosmological implications of the one-loop terms in the string expansion. In particular, we find non-singular solutions which interpolate between a contracting universe and an expanding universe, and show that these solutions provide a mechanism for removing the initial conditions problem peculiar to spatially closed FRW cosmologies. In addition, we perform numerical calculations to show that the non-singular cosmologies do not require a careful choice of initial conditions, and estimate the likely magnitude of higher order terms in the string expansion.
Introduction
The study of cosmology leads inexorably to an epoch in which the energy density of the universe approaches the Planck scale. Superstring theory is the leading candidate for a description of physics at the Planck scale, but has not developed to the point where the full theory may be employed to construct a detailed cosmology. Despite this, the generic properties of superstring models can be extracted and their cosmological consequences investigated. In doing so, the cosmologist simultaneously hopes to find mechanisms for resolving the various problems that remain after the introduction of the inflationary scenario, and to test string theory in the high energy laboratory provided by the early universe.
Two distinct approaches have been taken to the study of string cosmology. Firstly, many cosmologists approximate the full string theory with the first terms of the perturbative string expansion [1, 2, 3] . The non-perturbative features of string theory are implicitly discarded, so this approach breaks down at the highest energies. However, since Einstein gravity and conventional particle physics agree well with experiment, a successful superstring theory must reduce to these theories in the low energy limit. Consequently, it is reasonable to expect that at energy scales when stringy effects first become readily apparent it will be possible to approximate the full string theory by an effective theory comprising the usual Einstein-Hilbert action together with higher order corrections. In particular, much of the effort to date has focussed upon the lowest order, or tree-level action [4] - [21] .
Gasperini, Veneziano and others have adopted an alternative strategy, which they have dubbed the "pre-big-bang scenario" [22, 23] . This is a nonsingular cosmology, and it attempts to alleviate many of the problems associated with the "standard" big bang by appealing to the symmetries of the full superstring action, rather than a perturbative limit. The fundamental requirement for such a model is the existence of non-singular or "branch-changing" [11, 17] solutions which smoothly interpolate between a contracting universe and an expanding one without passing through a singularity.
The term branch-change originally referred to a non-singular transition between two solutions of a simple tree-level string cosmology, distinguished by a 1 sign choice and are related to one another by a duality transformation. Moreover, this discussion was largely based in the (tree-level) string frame, which is related to the usual Einstein frame of general relativity by a conformal transformation. A universe which is expanding in the string frame may be contracting in the Einstein frame, and it is therefore dangerous to simply identify the two branches with "expansion" and "contraction". However, in general the (−) branch evolves away from a past singularity, while the (+) branch represents evolution towards a future singularity [24] . The type of branch-change required by the pre-big-bang scenario is a non-singular transition from the (+) to the (−) branch. The converse, a solution which moves from (−) to (+) is entirely unremarkable, as it corresponds to the generic evolution of a spatially closed FRW universe. Since string theory is expected to remove, or at least tame, the infinities inherent in other models of fundamental physics, it is reasonable to expect that it will remove the singularity represented by the big bang in conventional cosmology. However, at tree-level in the superstring action the possibility of branch-changing solutions to the classical equations of motion has been virtually excluded [21, 24, 25] , although quantum cosmology may provide a mechanism for allowing a transition between the two tree-level branches [26, 27] .
However, since the tree-level action is only the lowest order term in the full string loop expansion there is no guarantee that the absence of non-singular solutions at tree-level will persist in the presence of higher order terms. In this paper we explore the cosmological solutions derived from the the one-loop superstring action, including contributions from both the dilaton and modulus terms. Previously, Antoniadis, Rizos and Tamvakis [28] have shown that the equations of motion derived from the one-loop action with a spatially flat background have non-singular solutions. However, in these solutions the scale factor increases monotonically from a (non-zero) constant value, which differs from the branch-changing solutions envisaged by the pre-big-bang scenario, as there is no transition from contraction to expansion. Here we extend this system to the case where the spatial hypersurfaces are allowed to have nonzero curvature. In doing so we find "bouncing" solutions which smoothly interpolate between contraction and expansion, and investigate the range of initial conditions over which they occur. Since we do not directly employ the the duality symmetries of the superstring action in our analysis, we do not explicitly identify these bouncing solutions with the branch-changing solutions of the pre-big-bang scenario. However, from a phenomenological perspective, a bouncing solution resembles a successful branch-change, as in both case the universe is apparently evolving towards a singularity in the distant past and away from it in the distant future.
We also consider the particular initial conditions problem faced by a spatially closed FRW universe, which in the absence of fine-tuning will typically have a lifetime on the order of the Planck scale [29] . This problem persists in the presence of inflation: although inflation can begin at the Planck scale there is no guarantee that it will do so. Here we show that the contribution from the one-loop terms can allow a closed universe to grow arbitrarily large, ensuring that the universe will survive long enough for inflation to begin.
Finally, we numerically integrate the equations of motion for a wide range of initial conditions, to demonstrate that the bouncing solutions do not require a highly restrictive choice of parameters. We also argue on the basis of dimensional analysis that many of the bouncing solutions do not evolve into a region where the perturbative expansion is likely to break down, which makes it plausible that these solutions will persist if higher loop terms are added to the action.
Action and Equations of Motion
We take as our starting point the one-loop superstring action [28, 30, 31] ,
which contains contributions from the Ricci scalar R, the dilaton φ and a modulus field σ. The Gauss-Bonnet combination, R 2 GB , is
Terms which appear at one loop in the string expansion but vanish when the metric has the Robertson-Walker form have been dropped from the above action. We have adopted the same conventions and notation as Antoniadis, Rizos and Tamvakis with the exception of the metric signature, which we have set to (−, +, +, +), and our units correspond to the gravitational constant, G = 1/8π. The coefficient λ is positive and determined by the four dimensional string coupling, while δ is fixed by the number of supermultiplets. It will be important that δ can take both positive and negative values. The potential, ξ(σ) is defined in terms of the Dedekind η function,
where η is [32] 
Anticipating that first and second derivatives of ξ will appear in the equations of motion, we note that
where the subscript denotes differentiation with respect to σ. Despite its appearance, this is an odd function of σ. Furthermore, as |σ| becomes large
is an increasingly good approximation to the exact expression, equation (5) and, like ξ σ is antisymmetric under σ → −σ . The accuracy of this approximation when σ ≈ 0 can be improved, if necessary, by adding terms of the form c n σ n for n = 1, 3, 5 . . . (since ξ σ is odd, even powers of σ will not appear)
with the c n chosen so that the approximation reproduces the first few terms in the Taylor expansion of ξ σ about σ = 0. However, in practice adding these corrections does not alter the qualitative properties of the solutions obtained numerically, so for simplicity we have worked exclusively with equation (6) . Previously Antoniadis, Rizos and Tamvakis examined the cosmological solutions for this system that have a spatially flat Robertson Walker metric. We extend their work to include the possibility that the spatial hypersurfaces have non-zero curvature, and so the appropriate ansatz for the line element is
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We therefore derive the equations of motion
where a dot denotes differentiation with respect to t. The Gauss-Bonnet term is
and f is defined to be
If f vanishes, the system reduces to two free, minimally coupled, scalar fields in a Robertson-Walker universe.
The equations above consist of three second order equations and a constraint, giving a total of five degrees of freedom. In order to facilitate the analysis we isolate each of the second derivative terms (remembering thatf implicitly containsφ andσ), on the left hand side, giving the following system
where
If we wish, we can eliminate any one of the variables by inserting the constraint. However, it will be more convenient to work with the equations as they are given above, both in the following section when we consider the asymptotic form of the solutions and in Section 4, where the constraint will allow us to the check the accuracy of our numerical solutions.
Asymptotic Solutions
In general this system of equations must be solved numerically. However, considerable insight into the cosmological properties of this model can be gained from analytic considerations alone. In particular, the existence of a bouncing solution requires that the scale factor to pass through a (non-zero) minimum value and be singularity free. Hence we begin our investigation by considering the possible extrema of ω, φ and σ. When the scale factor, a = e ω , passes through a local minimum, its second derivative,ä, must be positive. When k = 0 the constraint, equation (8), withω = 0 requiresσ =φ = 0 as well. This is an exact static solution to the equations of motion where the values of ω, σ and φ are all arbitrary constants. The non-singular solutions of Antoniadis, Rizos and Tamkvakis can be regarded as the consequence of making a small deviation from this solution in the distant past. If the spatial hypersurfaces have negative curvature, k = −1 and the constraint cannot be satisfied whenω = 0. Consequently, the scale factor is again monotonic, but the constant solution no longer exists. When the spatial hypersurfaces have positive curvature, so that k = 1, the constraint can be satisfied withω = 0 andφ,σ = 0. Thus, in this case, the scale factor may pass through an extremal value. Since the first two terms in the denominator of χ are equal to 4(1 + 8ḟω) it follows from the constraint if k = 1 the denominator of χ is positive, so
While λ is physically restricted to positive values, δ can take any real value. Since ξ σσ (σ) < 0 for all σ, if δ ≥ 0,ω will be negative at an extremum of ω, but can take either sign if δ < 0. This immediately proves the existence of solutions for which k = 1 and δ < 0 where the scale factor possesses local minimum, which is a prerequisite for a successful bounce. However, this does not establish the existence of globally non-singular solutions, since it does not guarantee that such a solution will always be non-singular. For instance, with the tree level action, which contains contributions from spatial curvature and an axion, the Einstein frame scale factor may pass through several local minima, but all solutions contain at least one singularity [21] . Now consider the asymptotic form of solutions to the equations of motion. We focus on k = 1, which is the only choice that can lead to a bouncing solution and investigate the properties of a universe which is expanding at large positive times
where ǫ and T are both positive numbers. A solution which is contracting at large, negative times corresponds to the time-reverse of this case and does not need to be examined separately.
Since the defining condition for inflation is thatä > 0 [33] , a solution of Type I inflates forever and so the curvature terms will be negligible at late times. However, this would imply the existence of solutions for k = 0 that are inflationary at late times, in contradiction with the results of Antoniadis, Rizos and Tamvakis, so it follows that there are no expanding, asymptotic solutions with the form of Type I. Conversely, in the case of Type II, the curvature term will dominate theω 2 term where they appear together in the equations of motion, and the scale factor will eventually pass through a maximum. Thus there are no solutions which expand indefinitely where the scale factor has the generic form of Type II. Note that if the scale factor does evolve through a local maximum, it may either make a non-singular transition to a subsequent stage of expansion or collapse to a singularity. Finally, consider possible asymptotic solutions of Type III. Since the GaussBonnet term vanishes ifä is identically zero, choosing a(t) = a 0 t is not a viable candidate for a late time solution that involves a non-trivial contribution from the one-loop terms. Consequently, we need to consider solutions with an asymptotic form like a = e ω → a 1 t + a 2 t(ln t) m which are of Type III but allow for the possibility of a non-zero Gauss-Bonnet combination. Dropping the contributions from the dilaton terms, make the following substitution, where τ = ln t
which allows us to write equations (8) and (11) as
where ∆ = πδ/3, a dash denotes differentiation with respect to τ and we have assumed that σ ≫ 1 so that ξ σ ∝ e σ . This involves no loss of generality, since the full equations of motion are invariant under the transformation σ → −σ.
With the ansatz, equations (20) and (21), we can systematically expand in powers of τ . There are a number of subcases, corresponding to a 1,2 , s 1,2 , m and n being either positive or negative, subject to the overall requirement that A(t) and S(t) are positive. For k = 1 and δ < 0 (restricting attention to the possible bouncing solutions) we can show that the only asymptotic solution of this type is:
If φ ≪ |σ| and the scale factor is given approximately by equation (24) then the one-loop terms have a negligible effect in equation (10) and it follows that in the asymptotic regime the dilaton φ is effectively constant. As written above, this asymptotic form describes an expanding universe as t → ∞. A universe which is contracting as t → −∞ corresponds to the time reversal of this solution.
We now have the ingredients we need to construct a universe that can be arbitrarily large in the distant past, contract to a non-zero minimum size and then make a smooth transition to expansion, after which it may grow indefinitely. A specific numerical solution of the equations of motion which exhibits these properties is depicted in Figure 1 . The key ingredient in these solutions is the presence of the modulus field σ and its associated one-loop terms. If either δ ≥ 0, or the one-loop terms are simply absent from the action, then the only type of extremum that the scale factor, a(t), can possess is a local maximum, and a bounce does not occur.
An analogous result can be found for δ > 0, but in this case no bounce is possible. Furthermore, any asymptotic solution to the scale factor-modulus system for positive δ will be equivalent to a similar solution to the scale factordilaton system in which φ → ∞, which implies that the system evolves into the strong-coupling region and this solution is therefore unphysical.
Solutions of this type extend the previous work of Antoniadis, Rizos and Tamvakis, further demonstrating that the singularity problem is less acute in cosmological models based on the one-loop string action than at tree-level or in classical, Einstein gravity. This provides empirical support for the hope that a fully non-perturbative string cosmology will resolve the singularity problem entirely.
The new class of non-singular cosmologies found here shows that string theory has the ability to resolve the curvature problem typically associated with a closed, FRW universe, which has a typical lifetime (and maximum size) on the order of the Planck scale. Inflation can easily solve the analogous problem in an open universe, which will expand indefinitely, whereas a spatially closed universe will recollapse unless inflation begins at the Planck scale. However, the presence of the one-loop terms from the string expansion allows a closed FRW universe to expand indefinitely. In the absence of inflation this is not sufficient to solve the flatness problem, but these solutions provide a mechanism for ensuring that the universe lasts long enough, and the energy density becomes low enough for inflation to begin, without the need for any additional constraints on inflationary models in a k = 1 FRW universe. This is a property of the asymptotic form of the solutions, and solutions which contain an initial singularity may still expand indefinitely. Furthermore, the analogous asymptotic form for δ > 0 also allows indefinite expansion, even though a non-singular, bouncing solution is impossible in this case.
Attempts to use the properties of these solutions in a more realistic cosmological model must provide a mechanism that will allow a "graceful exit" from the modulus dominated expansion into an inflationary phase. Furthermore, the late time evolution of the dilaton must be small enough to ensure that the constraints on the time variation of G, the Newtonian gravitational constant, are obeyed. We do not address this problem here, but note that this difficulty afflicts almost all string inspired models, and is not peculiar to the specific example considered here.
Solutions of the type displayed in Figure 1 strongly resemble the type of branch-change envisaged by the pre-big-bang scenario. Unlike the non-singular solutions that exist when k = 0, the scale factor is not monotonic. As t → ±∞ the dilaton is fixed, and the Einstein and string frame scale factors differ only by a multiplicative constant. Hence there is no ambiguity in associating a solution which is contracting in the string frame at early times to one that is contracting in the Einstein frame, as there might be if the dilaton were evolving rapidly.
We can also gain some insight into the behavior of the dilaton and modulus fields. Consider equations (15) and (16), and recall that the denominator of χ is positive for k = 1, so
since λ > 0 on physical grounds. Thus, when δ < 0, which is the case we are most interested in, the dilaton can possess both maxima and minima and may, at least in principle, undergo several oscillations before the solution becomes established in one of the asymptotic regimes. However, any extremal value of σ when σ < 0 is a local maximum, and any extremal value when σ > 0 is a local minimum. Thus when δ < 0, σ can have at most one extremum as it evolves from one asymptotic regime to the other. When the scale factor a passes through its minimum value,ä > 0. As this is the minimal requirement for the existence of inflation, it follows that in a pedantic sense a bouncing solution is also inflationary. Obviously, the astrophysical constraints that a successful inflationary model must satisfy are much more demanding than simply requiring that the scale factor undergo positive acceleration. At late times the asymptotic form of the solution approaches the borderline condition between inflationary and regular growth, asä → 0, which resembles the coasting solutions that have been discussed in the context of standard inflationary cosmology [34] .
In the next section we use numerical techniques to investigate the generality of these non-singular solutions. However, note that while the scale factor is monotonic if k = −1, there is a simple exact solution
which describes an empty, curvature dominated universe, andä ≡ 0. However, unlike the linearly expanding solution found for k = 1, this solution holds when λ and δ are zero and the Gauss-Bonnet combination will vanish exactly, so it is not related to the one-loop terms in the string action.
Numerical Results
In the previous section we displayed a particular example of a non-singular universe, associated with the one-loop terms in the perturbative expansion of the superstring action. In this section we investigate the range of initial conditions that give rise to a non-singular universe and make a rough estimate of the likely impact of higher loop terms. Given λ and δ, a solution to the equations of motion is fully specified by five initial conditions, the sixth being fixed by the constraint. The set of points in "initial conditions space" for which the system evolves towards a particular attractor (that is, a particular asymptotic solution) is known as the "basin of attraction" of the corresponding attractor. In this section we numerically investigate the basin of attraction for solutions where ω and σ have the asymptotic form of equations (20) and (21) and the dilaton is constant. Cornish and Levin [35] examined the basins of attraction for two field inflationary models by numerically integrating to find the asymptotic behavior for many possible choices of initial conditions space, and we will employ a similar method here.
We calculated the asymptotic form of the solutions corresponding to a sequence of two dimensional slices through the initial conditions space, where each slice represents a 400 × 400 grid ofω 0 andσ 0 values, for five choices of σ 0 between 0 and 2. Since the equations of motion are unchanged by the transformation σ → −σ there is no need to carry out separate integrations for σ 0 < 0. The integrations were carried out using the Bulirsch-Stoer method [36] , with the form of the equations of motion given by equations (14) to (16) , while the constraint was used to check the accuracy of the numerical routines.
The intersection of the basins of attraction for a universe that is nonsingular as t → ±∞ is shown in Figure 2 . These intersection of these two attractors defines the region of initial conditions space for which leads to a non-singular, bouncing cosmology. Since this is a substantial volume of the total range of initial conditions, it follows that the universe does not have to be "fine tuned" in order to ensure that it is non-singular. The results obtained here do not depend strongly on φ 0 orφ 0 , or the magnitudes λ and δ.
We also want to estimate the impact of higher terms in the perturbative expansion. Without a detailed calculation at two-loop order and beyond, it is impossible to state definitively whether the non-singular solutions found at oneloop will survive once higher order terms are added to the action. However, the two-loop terms contain higher order curvature invariants which, on the basis of dimensional analysis alone, can be expected to be smaller than the oneloop Gauss-Bonnet term provided thatω,φ andσ do not become significantly greater than unity (in Planckian units) while a = e ω remains than unity.
Finally, if e φ (which is effectively the loop expansion parameter) becomes large, we can expect a significant contribution from higher-order terms. Hence on the basis of dimensional analysis alone we expect that the two-loop terms will be at worst, roughly equal to the one-loop terms provided thaṫ ω,φ,σ, e φ , 1/a < 1 (31) at all times. As well as displaying the choices of initial data corresponding to a bouncing solution, Figure 2 shows the subset of points for which the solutions satisfy the above criteria. We see that this represents a substantial subset of the total basin of attractions, suggesting that the existence of these non-singular solutions is not necessarily a quirk of the one-loop action.
Thus it is clear that the non-singular solutions are in no way special, and that a substantial subset of them is such that the values of a, φ, σ and their corresponding velocities are sufficiently small at all times to ensure that the action is unlikely to be dominated by higher-loop corrections.
Discussion
In this paper we present explicit non-singular cosmological solutions derived from the one-loop superstring action. These solutions represent a FRW spacetime where the scale factor makes a transition from contraction to expansion, while remaining non-zero at all times. As such, they resemble the type of branch-changing solution that is a prerequisite for the successful implementation of the pre-big-bang scenario, and demonstrate that although branchchanging does not occur at tree level in the superstring action, non-singular "bounce" solutions do exist at one-loop.
While the non-singular solutions described here occur only when the spatial hypersurfaces have positive curvature and the parameter δ in the one-loop action is negative, our numerical calculations establish that the non-singular solutions do not require a careful choice of initial values for the scale factor, dilaton and modulus fields. Furthermore, while we have not made a detailed analysis of the two-loop terms we expect that their contribution will not dominate the one-loop terms, providing cause for cautious optimism that these non-singular solutions will not vanish when higher loop terms are incorporated into the action.
These solutions allow us to address the initial conditions problem peculiar to the k = 1 FRW universe, which typically has a lifetime on the order of the Planck scale. While GUT-scale inflation will solve the other difficulties faced by the standard model of the big bang, inflation can only prevent a closed FRW universe from recollapsing if it commences at the Planck scale. However, we have seen here that for a wide range of initial conditions the equations of motion derived from the one-loop string action permit a closed FRW universe to expand indefinitely. Consequently, this provides a string motivated solution to the version of the curvature problem faced by a k = 1 universe without requiring that inflation commences at the Planck scale.
The inflationary epoch cannot be described within the context of the model discussed here, as we have not included matter fields in the action that can drive inflation followed by a graceful exit to a non-inflationary universe with the matter content we observe at low energies. Thus, while our solutions describe a universe which grows arbitrarily large, we know that in practice the assumptions that underpin the action we consider here must break down at sufficiently low energy scales. Furthermore, the existence of solutions that describe a closed FRW universe which grows arbitrarily large require that the modulus field is also evolving continuously, which is made possible by the fact the modulus field contains no explicit mass terms at tree level. In a realistic theory the moduli fields must become massive after supersymmetry breaking, which puts a lower limit on the validity of our action even in the absence of other matter fields and non-perturbative effects.
The fact that incorporating string loop contributions into the action leads to a non-singular cosmology is reminiscent of previous attempts to solve the singularity problem by including higher-order terms derived from quantum corrections in the gravitational action [37, 38, 39] , which have long been known to remove, or at least soften, the singularity associated with the standard model of the big bang. Brandenberger, Mukhanov and others [40, 41] have taken a different approach to the study of non-singular cosmologies, deriving the general form of the gravitational action which will ensure that the cosmological solutions are non-singular. In doing so, they show that this requirement places a strong constraint on the possible form of the action, in the absence of fundamental scalar fields. If fundamental scalar fields were incorporated into their approach, it would be possible to investigate whether models containing both second order curvature invariants (such as the Gauss-Bonnet combination) coupled to scalar fields generically permit bouncing solutions or whether this is a special property of the one-loop superstring action.
Superstring theory currently offers us a tantalizing glimpse of a paradigm that will provide a unified description of fundamental physics which modifies the predictions of general relativity in such a way as to remove the initial singularity associated with the big bang. At present it is impossible to know whether this promise will be fulfilled, but there are strong indications that string theory addresses most, if not all, of the problems of the conventional big bang that can be traced back to the Planck scale. (24) and (25) as t → ±∞. 
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